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Abstract
Uniform energy and L2 decay of solutions for linear wave equations with localized
dissipation will be given. In order to derive the L2-decay property of the solution, a useful
device whose idea comes from Ikehata–Matsuyama (Sci. Math. Japon. 55 (2002) 33) is used.
In fact, we shall show that the L2-norm and the total energy of solutions, respectively, decay
like Oð1= ﬃﬃtp Þ and Oð1=t2Þ as t-þN for a kind of the weighted initial data.
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1. Introduction
Let OCRN be an exterior domain with compact smooth boundary @O: In this
paper, we are concerned with the initial–boundary value problem
uttðt; xÞ  Duðt; xÞ þ aðxÞutðt; xÞ ¼ 0; ðt; xÞAð0;NÞ  O; ð1:1Þ
uð0; xÞ ¼ u0ðxÞ; utð0; xÞ ¼ u1ðxÞ; xAO; ð1:2Þ
uj@O ¼ 0; tAð0;NÞ; ð1:3Þ
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where aðxÞX0: Without loss of generality, we may assume 0e %O and @OCBrð0Þ for
some r40:
First, let us introduce some notations used throughout this paper. The total energy
EðtÞ in Eq. (1.1) is deﬁned as follows:
EðtÞ ¼ 1
2
jjutðt; 	Þjj2 þ 12 jjruðt; 	Þjj2;
where in these cases, jj 	 jj denotes the usual L2ðOÞ-norm. Furthermore, we set
ð f ; gÞ ¼
Z
O
f ðxÞgðxÞ dx:
In the case when aðxÞ  constant40 in all of O; we can easily derive the quite
usual energy decay estimate and L2-bound:
EðtÞpCð1þ tÞ1; jjuðt; 	ÞjjpC ð1:4Þ
for the weak solution uðt; xÞ to problem (1.1)–(1.3) with aðxÞ  1:
On the other hand, Dan and Shibata [1] studied the local energy decay estimates
for the compactly supported weak solutions of (1.1)–(1.3) with aðxÞ ¼ 1:Z
O-BRð0Þ
ðjuðt; xÞj2 þ jruðt; xÞj2 þ jutðt; xÞj2Þ dxpCð1þ tÞN ;
where BRð0Þ ¼ fxARN ; jxjoRg:
Furthermore, in [5,13] more precise decay estimates to problem (1.1)–(1.3) with
aðxÞ  1 in the framework of weighted initial data have been derived:
EðtÞpCð1þ tÞ2; jjuðt; 	Þjj2pCð1þ tÞ1: ð1:5Þ
Especially, this estimate seems sharp for N ¼ 2 as compared with that of [1].
Next for the case of the localized dissipation with which this paper is concerned,
Nakao [11] has recently derived the total energy decay estimate like (1.4) without the
geometrical condition of the boundary @O: He assumed that the dissipation is
effective near inﬁnity and on a part of the boundary. However, it seems unknown
whether more precise total energy decay estimate like (1.5) can be derived or not.
The purpose of this paper is to derive more fast decay rate like (1.5) than that in
[11] to problem (1.1)–(1.3) with the weighted initial data by use of the ‘‘localized’’
effect of the dissipative term ut and the shape of the boundary. Our essential idea
comes from [5] which derived the fast decay rate of L2-norm of solutions to problem
(1.1)–(1.3) with non-localized dissipation, i.e., aðxÞ  1 on O:
With regard to these results, in [8] Mochizuki and Nakazawa have derived L2-
bound and energy decay like (1.4) for the case that RN \O is star shaped and aðxÞ is
uniformly positive near inﬁnity. In fact, they have treated more general dissipation
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which also depends on the time variable t: Furthermore, Zuazua [15] treated the
Klein–Gordon equations with dissipative term in ð0;þNÞ  RN :
utt  Du þ au þ f ðuÞ þ aðxÞut ¼ 0;
where a40; aðxÞXa040 in jxj4R0: He derived the exponential decay of energy
through the weighted energy method. The existence of the term au; however, is
essential in his theory. On the other hand, as for the local energy decay of solutions
to problem (1.1)–(1.3) with aðxÞ  0 and compactly supported initial data we refer
the reader to Morawetz [9].
For another type of total energy decay property, see [3,4,6,7,12,14].
Before introducing our results we shall state several assumptions:
(A.1) aALNðOÞ; aðxÞX0; and there exists e040 and Lb1 such that aðxÞXe0 for
jxjXL:
(A.2) V ¼ RN \O is star shaped with respect to 0e %O:
In the sequel, we use
I0 ¼ jju0jjH1 þ jju1jj þ jjdð	Þðu1 þ að	Þu0Þjj;
I1 ¼ jju0jjH2 þ jju1jjH1 þ jjdð	Þðu1 þ að	Þu0Þjj þ jjdð	ÞDu0jj;
where
dðxÞ ¼ jxj; NX3;jxj logðBjxjÞ; N ¼ 2
(
with
B infxAO jxjX2:
Moreover, jj 	 jjHm and jj 	 jjN denote the HmðOÞ and LNðOÞ-norms, respectively.
Our main result reads as follows:
Theorem 1.1. Let NX2 and suppose (A.1) and (A.2). If the initial data
ðu0; u1ÞAH10 ðOÞ  L2ðOÞ further satisfies
jjdð	Þðu1 þ að	Þu0ÞjjoþN;
then for the solution uACð½0;NÞ; H10 ðOÞÞ-C1ð½0;NÞ; L2ðOÞÞ to problem (1.1)–(1.3)
one has
EðtÞpCI20 ð1þ tÞ2;
jjuðt; 	Þjj2pCI20 ð1þ tÞ1
with some generous constant C40 independent of the initial data and t.
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As a corollary, we have
Proposition 1.1. Let aACð %OÞ and assume that (A.1) and (A.2) are satisfied. If
½u0; u1AðH2ðOÞ-H10 ðOÞÞ  H10 ðOÞ further satisfies
jjdð	Þðu1 þ að	Þu0Þjj þ jjdð	ÞDu0jjoþN;
then in addition to the results of Theorem 1.1 the solution
uACð½0;NÞ; H10 ðOÞ-H2ðOÞÞ-C1ð½0;NÞ; H10 ðOÞÞ-C2ð½0;NÞ; L2ðOÞÞ to problem
(1.1)–(1.3) satisfies
jjuttðt; 	Þjj2 þ jjrutðt; 	Þjj2pCI21 ð1þ tÞ3;
jjDuðt; 	Þjj2pCI21 ð1þ tÞ2:
Especially, if N ¼ 3; then one has
jjuðt; 	ÞjjNpCð1þ tÞ
7
8;
and if N ¼ 2; it holds that
jjuðt; 	ÞjjNpCð1þ tÞ
3
4:
Remark 1.1. Assumption (A.2) implies that V is non-trapping, so the wave motion
run away from @O to inﬁnity, and after that the wave motion can be erased by the
effect of dissipation at inﬁnity. Although we can have results quite similar to [3]
which studied the fast decay like (1.5) concerning the semilinear equation of (1.1),
here, we do not discuss it.
Finally, in the proof of Theorem 1.1, we direct our argument basing on the
following well-known result. (cf. [2,10]):
Proposition 1.2. Suppose (A.1). For each ðu0; u1ÞAH10 ðOÞ  L2ðOÞ; there exists a
unique solution uACð½0;NÞ; H10 ðOÞÞ-C1ð½0;NÞ; L2ðOÞÞ to problem (1.1)–(1.3)
satisfying
EðtÞ þ
Z t
0
Z
O
aðxÞjutðs; xÞj2 dx ds ¼ Eð0Þ; ð1:6Þ
d
dt
ðutðt; 	Þ; uðt; 	ÞÞ  jjutðt; 	Þjj2 þ jjruðt; 	Þjj2
þ 1
2
d
dt
Z
O
aðxÞjuðt; xÞj2 dx ¼ 0 on ½0;NÞ: ð1:7Þ
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Further, if ðu0; u1ÞAðH10 ðOÞ-H2ðOÞÞ  H10 ðOÞ and aACð %OÞ; then we have
uACð½0;NÞ; H2ðOÞ-H10 ðOÞÞ-C1ð½0;NÞ; H10 ðOÞÞ-C2ð½0;NÞ; L2ðOÞÞ:
2. Proof of Theorem 1.1
First recapitulate the following two well-known inequalities as they play
important role in solution of exterior problem (cf. [1]).
Set OðRÞ ¼ O-BRð0Þ with BRð0Þ ¼ fxARN j jxjoRg:
Lemma 2.1. There exists a constant C040 such thatZ
OðRÞ
juðxÞj2 dxpC0jjrujj2
for each uAH10 ðOÞ:
Lemma 2.2. There exists a constant C
*
40 such thatZ
O
juðxÞj2
dðxÞ2 dxpC* jjrujj
2
for each uAH10 ðOÞ:
Take
fðrÞ ¼
e0; 0pr ¼ jxjpL;
e0L
r
; rXL:
8<
:
For the ﬁrst part of the calculation, we shall rely on [11]. Note that for each
ðu0; u1ÞAH10 ðOÞ  L2ðOÞ; the weak solution uðt; xÞ to problem (1.1)–(1.3) is given as
the limit of smooth solutions unðt; xÞ with unð0; xÞ ¼ u0;nACN0 ðOÞ and untð0; xÞ ¼
u1;nACN0 ðOÞ such that u0;n-u0 in H10 ðOÞ and u1;n-u1 in L2ðOÞ: Note that jjunðt; 	Þ 
uðt; 	ÞjjH1 þ jjun;tðt; 	Þ  utðt; 	Þjj-0 as n-þN uniformly on the each closed interval
½0; T  for any T40: So, in deriving the ﬁrst estimate we may assume that uðt; xÞ is
smooth and supp uðt; 	Þ is compact in %O for each t:
Now letting hðxÞ ¼ ðh1ðxÞ;y; hNðxÞÞ be a Lipschitz continuous vector ﬁeld on %O
we multiply the equation by hðxÞ 	 ru: Then from the divergence formula one has (cf.
[11,15])
d
dt
Z
O
utðt; xÞhðxÞ 	 ruðt; xÞ dx þ 1
2
Z
O
r 	 hðxÞðjutðt; xÞj2  jruðt; xÞj2Þ dx
 1
2
Z
@O
@u
@n


2
nðsÞ 	 hðsÞ ds
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þ
X
i;j
Z
O
uxi uxj
@
@xi
hjðxÞ dx þ
Z
O
aðxÞutðt; xÞhðxÞ 	 ruðt; xÞ dx ¼ 0:
As in [11], setting hðxÞ ¼ fðrÞx with r ¼ jxj in the above, we see that
d
dt
Z
O
utfðrÞx 	 ru dx þ 1
2
Z
O
ðNfþ f0rÞðjutj2  jruj2Þ dx
 1
2
Z
@O
@u
@n


2
n 	 xf
( )
dsþ
Z
O
f0
r
jx 	 ruj2 þ fjruj2

 
dx
þ
Z
O
aðxÞutðt; xÞfx 	 ruðt; xÞ dx ¼ 0; ð2:1Þ
where nðsÞ is the unit outward normal vector at sA@O: By (1.6), (1.7), (2.1) and
Assumption (A.2), for a40; K40 we see that
d
dt
Z
O
utfðrÞx 	 ru dx þ aðut; uÞ þ a
2
Z
O
aðxÞjuj2 dx þ kEðtÞ

 
þ
Z
O
Nfþ f0r
2
 aþ kaðxÞ
 
jutj2 dx
þ
Z
O
a Nfþ f
0r
2
þ fþ f0r
 
jruj2 dx
p
Z
O
aðxÞutðt; xÞfx 	 ruðt; xÞ dx: ð2:2Þ
Now by Assumption (A.1), there exists a large number a40 such that
Nfþ f0r
2
þ kaðxÞ
2
 a4e140; ð2:3Þ
a Nfþ f
0r
2
þ fþ f0r4e140 ð2:4Þ
with some constant e140; 0oe1oe02 and for any kXN þ 1 (see [11]). In fact, we can
choose, for example,
a ¼ ð2N  1Þe0
4
; e1 ¼ e0
8
:
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Further, one has
Z
O
aðxÞutfx 	 ru dx

pk4
Z
O
aðxÞjutj2 dx þ C
k
Z
O
jruj2 dx
with some constant C40: Setting
GkðtÞ ¼
Z
O
utfx 	 ru dx þ aðut; uÞ þ a
2
Z
O
aðxÞjuj2 dx þ kEðtÞ;
it follows from (2.2)–(2.4) that
d
dt
GkðtÞ þ k
4
Z
O
aðxÞjutj2 dx þ 2e1
Z
O
1
2
ðjutj2 þ jruj2Þ dxpC
k
2EðtÞ; ð2:5Þ
so that taking kb1 so large such that e14Ck and setting b ¼ 2ðe1  CkÞ; one has
d
dt
GkðtÞ þ bEðtÞp0: ð2:6Þ
By integrating both sides of (2.6) over ½0; t; we ﬁnd that
GkðtÞ þ b
Z t
0
EðsÞ dspGkð0Þ: ð2:7Þ
Once (2.7) has been derived for the ‘‘smooth’’ solution to problem (1.1)–(1.3),
estimate (2.7) also holds good for the ‘‘weak solution’’ to problem (1.1)–(1.3) by
deﬁnition of weak solutions (cf. [11]). Note that
jGkð0ÞjpCðjju0jj2H1 þ jju1jj2Þ ð2:8Þ
with some generous constant C40: Here we shall prepare the following.
Lemma 2.3. Under the assumptions of Theorem 1.1, one has
GkðtÞX0
for sufficiently large kb1:
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Proof. First from Lemma 2.1 and Assumption (A.1) we have
aðutðt; 	Þ; uðt; 	ÞÞp a
2e
jjutðt; 	Þjj2 þ ae
2
jjuðt; 	Þjj2
p a
e
EðtÞ þ ae
2
1
e0
Z
jxjXL
aðxÞjuðt; xÞj2 dx þ
Z
OðLÞ
juðt; xÞj2 dx
 !
p a
e
EðtÞ þ ae
2e0
Z
O
aðxÞjuðt; xÞj2 dx
 
þ ðaeC0ÞEðtÞ
¼ a
e
þ aeC0
 
EðtÞ þ ae
2e0
Z
O
aðxÞjuðt; xÞj2 dx
for some e40: Furthermore, we see

Z
O
utðt; xÞfx 	 ruðt; xÞ dx
p
Z
jxjXL
jutðt; xÞjjruðt; xÞjjfjjxj dx þ
Z
OðLÞ
jutðt; xÞjjruðt; xÞjjfjjxj dx
p
Z
jxjXL
jutðt; xÞjjruðt; xÞje0L
r
r dx þ
Z
OðLÞ
jutðt; xÞjjruðt; xÞje0L dx
p2e0LEðtÞ:
Thus, we have
 aðutðt; 	Þ; uðt; 	ÞÞ 
Z
O
utðt; xÞfx 	 ruðt; xÞ dx
p 2e0L þ ae þ aeC0
 
EðtÞ þ ae
2e0
Z
O
aðxÞjuðt; xÞj2 dx:
By taking e40 so small and k40 so large that
eoe0; 2e0L þ ae þ aeC0ok;
to arrive at the desired positivity. &
Once we have Lemma 2.3, the usual energy decay for the ‘‘weak’’ solution of (1.1)–
(1.3) is rather standard.
Lemma 2.4. Under assumptions of Theorem 1.1, one hasZ t
0
EðsÞ dsp1
b
Gkð0Þ;
ð1þ tÞEðtÞpEð0Þ þ 1
b
Gkð0Þ
with large enough kb1:
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Proof. It follows from (2.7) and Lemma 2.3 that
b
Z t
0
EðsÞ dspGkð0Þ
with kb1: On the other hand, since the function t/EðtÞ is monotone decreasing
and smooth, we see
ð1þ tÞEðtÞpEð0Þ þ
Z t
0
EðsÞ ds:
These imply the desired estimate. &
The following lemma holds good for the weak solution of (1.1)–(1.3), and this
crucial idea comes from [5].
Lemma 2.5. Under assumptions of Theorem 1.1, it holds that
jjuðt; 	Þjj2 þ
Z t
0
Z
O
aðxÞjuðs; xÞj2 dx dspCðjju0jj2 þ jjdð	Þðu1 þ að	Þu0Þjj2Þ
with some generous constant C40:
Proof. The proof can give the following lines of [5]. In fact, for the solution uðt; xÞ;
set
wðt; xÞ ¼
Z t
0
uðs; xÞ ds:
Then wAC1ð½0;NÞ; H10 ðOÞÞ-C2ð½0;NÞ; L2ðOÞÞ satisﬁes
wttðt; xÞ  Dwðt; xÞ þ aðxÞwtðt; xÞ ¼ u1 þ aðxÞu0; ðt; xÞAð0;NÞ  O; ð2:9Þ
wð0; xÞ ¼ 0; wtð0; xÞ ¼ u0ðxÞ; xAO; ð2:10Þ
wj@O ¼ 0; tAð0;NÞ: ð2:11Þ
Taking the L2-inner product of both sides of (2.9) with wtðt; 	Þ and integrating it over
½0; t; we ﬁnd that
1
2
jjwtðt; 	Þjj2 þ 1
2
jjrwðt; 	Þjj2 þ
Z t
0
Z
O
aðxÞjwtðs; xÞj2 dx ds
¼ 1
2
jju0jj2 þ ðu1 þ að	Þu0; wðt; 	ÞÞ:
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Here, by the Schwarz inequality and Lemma 2.2 we obtain
jðu1 þ að	Þu0; wðt; 	ÞÞjpjjdð	Þðu1 þ að	Þu0Þjj wðt; 	Þ
dð	Þ




p
C1=2
*
2e
jjdð	Þðu1 þ að	Þu0Þjj2 þ
eC1=2
*
2
jjrwðt; 	Þjj2;
where e40 is an arbitrary real number. So, by these estimates we see that
1
2
jjwtðt; 	Þjj2 þ 1
2
ð1 eC1=2
*
Þjjrwðt; 	Þjj2 þ
Z t
0
Z
O
aðxÞjwtðs; xÞj2 dx ds
p1
2
jju0jj2 þ
C1=2
*
2e
jjdð	Þðu1 þ að	Þu0Þjj2:
Taking e40 very small, because wt ¼ u; we have arrived at the desired estimate. &
Next multiplying both sides of (2.6) by ð1þ tÞ and then integrating it over ½0; t;
from Lemma 2.3 one has
b
Z t
0
ð1þ sÞEðsÞ dspGkð0Þ þ
Z t
0
GkðsÞ ds: ð2:12Þ
Of course, (2.12) also holds for weak solution of (1.1)–(1.3). In order to prove the
ﬁniteness of the integral
RþN
0 GkðsÞ ds; we need several facts proved below.
Lemma 2.6. For large kb1; one hasZ t
0
jðuðs; 	Þ; utðs; 	ÞÞj dsp 1bþ
C0
b
 
Gkð0Þ þ C
2e0
I20
with some generous constant C40:
Proof. From Lemma 2.1 and Assumption (A.1) we haveZ t
0
jðuðs; 	Þ; utðs; 	ÞÞj ds
p1
2
Z t
0
jjutðs; 	Þjj2 ds þ 1
2
Z t
0
jjuðs; 	Þjj2 ds
p
Z t
0
EðsÞ ds þ 1
2e0
Z t
0
Z
jxjXL
aðxÞjuðs; xÞj2 dx
 !
ds
þ 1
2
Z t
0
Z
OðLÞ
juðs; xÞj2 dx
 !
ds
p
Z t
0
EðsÞ ds þ 1
2e0
Z t
0
Z
O
aðxÞjuðs; xÞj2 dx
 
ds þ C0
Z t
0
EðsÞ ds;
so the desired estimate follows from Lemmas 2.4 and 2.5. &
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Furthermore, for large kb1 it holds that
Z N
0
Z
O
jutðt; xÞfx 	 ruðt; xÞj dx dtp2e0L 1bGkð0Þ: ð2:13Þ
In fact, Z þN
0
Z
O
jutðt; xÞfx 	 ruðt; xÞj dx dt
p
Z þN
0
Z
jxjXL
jutðt; xÞjfjxjjruðt; xÞj dx dt
þ
Z þN
0
Z
OðLÞ
jutðt; xÞjfjxjjruðt; xÞj dx dt
p
Z þN
0
Z
jxjXL
jutðt; xÞjLe0
r
jxjjruðt; xÞj dx dt
þ
Z þN
0
Z
OðLÞ
jutðt; xÞje0Ljruðt; xÞj dx dt
p2e0L
Z N
0
EðtÞ dtoþN:
The desired estimate (2.13) follows from Lemma 2.4.
Lemma 2.7. For large kb1; one has
(1)
RþN
0
GkðtÞ dtpð2e0Lb þ að1þC0Þb þ kbÞGkð0Þ þ CI20 ¼ K3;
(2)
RþN
0 ð1þ tÞEðtÞ dtp1b Gkð0Þ þ 1b K3;
(3)
RþN
0 ð1þ tÞjjutðt; 	Þjj2 dtp2ð1b Gkð0Þ þ 1bK3Þ;
(4) ð1þ tÞ ROðLÞ juðt; xÞj2 dxp2C0ðEð0Þ þ 1b Gkð0ÞÞ:
Proof. (1) By deﬁnition of GkðtÞ; one has
Z þN
0
GkðtÞ dtp
Z þN
0
Z
O
jutðt; xÞfx 	 ruðt; xÞj dx dt þ a
Z þN
0
jðutðt; 	Þ; uðt; 	ÞÞj dt
þ a
2
Z þN
0
Z
O
aðxÞjuðt; xÞj2 dx dt þ k
Z þN
0
EðtÞ dt:
The desired inequality follows from (2.13), Lemmas 2.4–2.6.
Condition (2) is a direct consequence of (2.12) and (1) above.
Condition (3) is also a direct consequence of (2).
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Condition (4) is derived by Lemmas 2.1 and 2.4:
ð1þ tÞ
Z
OðLÞ
juðt; xÞj2 dxpC0ð1þ tÞjjruðt; 	Þjj2p2C0ð1þ tÞEðtÞ: &
By these observations, one has arrived at the following crucial estimate.
Lemma 2.8. For large kb1; it holds that
ð1þ tÞ
Z
jxjXL
juðt; xÞj2 dxp 2
e0  e
1
e
þ eC0
 
Eð0Þ þ 1
b
Gkð0Þ
 
þ K2

 
with K2 ¼ K1 þ Cðjju0jj2 þ jjdð	Þðu1 þ að	Þu0Þjj2Þ þ 2bðGkð0Þ þ K3Þ for any eAð0; e0Þ:
Proof. Multiplying both sides of (1.7) by ð1þ tÞ and integrating it over ½0; t; one has
1þ t
2
Z
O
aðxÞjuðt; xÞj2 dx þ 1
2
jju0jj2 þ
Z t
0
ð1þ sÞjjruðs; 	Þjj2 ds
¼ ð1þ tÞðutðt; 	Þ; uðt; 	ÞÞ þ ðu0; u1Þ þ 1
2
jjuðt; 	Þjj2 þ
Z t
0
ð1þ sÞjjutðs; 	Þjj2 ds
þ 1
2
Z
O
aðxÞju0ðxÞj2 dx þ 1
2
Z t
0
Z
O
aðxÞjuðs; xÞj2 dx ds:
Setting
K1 ¼ ðu0; u1Þ þ 1
2
Z
O
aðxÞju0ðxÞj2 dx;
because of Assumption (A.1), Lemma 2.5 and (3) of Lemma 2.7 we see
1þ t
2
e0
Z
jxjXL
juðt; xÞj2 dx
p ð1þ tÞðutðt; 	Þ; uðt; 	ÞÞ þ K1 þ 1
2
jjuðt; 	Þjj2
þ 1
2
Z t
0
Z
O
aðxÞjuðs; xÞj2 dx ds þ
Z t
0
ð1þ sÞjjutðs; 	Þjj2 ds
pð1þ tÞ
2e
jjutðt; 	Þjj2 þ ð1þ tÞe
2
jjuðt; 	Þjj2 þ K1
þ Cðjju0jj2 þ jjdð	Þðu1 þ að	Þu0Þjj2Þ þ
Z t
0
ð1þ sÞjjutðs; 	Þjj2 ds
pð1þ tÞ
e
EðtÞ þ ð1þ tÞe
2
jjuðt; 	Þjj2 þ K1
þ Cðjju0jj2 þ jjdð	Þðu1 þ að	Þu0Þjj2Þ þ 2bðGkð0Þ þ K3Þ ð2:14Þ
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with some constant e40: On the other hand, we can divide the second term of the
right-hand side of (2.14) into two parts:
jjuðt; 	Þjj2 ¼
Z
jxjXL
juðt; xÞj2 dx þ
Z
OðLÞ
juðt; xÞj2 dx:
Then we have
1þ t
2
ðe0  eÞ
Z
jxjXL
juðt; xÞj2 dxpð1þ tÞ
e
EðtÞ þ ð1þ tÞe
2
Z
OðLÞ
juðt; xÞj2 dx þ K2;
where
K2 ¼ K1 þ Cðjju0jj2 þ jjdð	Þðu1 þ að	Þu0Þjj2Þ þ 2bðGkð0Þ þ K3Þ:
Taking e40 so small that e04e; and using Lemmas 2.4 and 2.1, we have the desired
estimate. &
Proof of Theorem 1.1. Once we have obtained the lemmas above proof of Theorem
1.1 is easy to establish. In fact, recalling (2.8), ð1þ tÞjjuðt; 	Þjj2pCI20 is a direct
consequence of Lemmas 2.7 and 2.8. So, let us prove
ð1þ tÞ2EðtÞpCI20 :
Indeed, because of E0ðtÞp0 one has
d
dt
fð1þ tÞ2EðtÞgp2ð1þ tÞEðtÞ;
so that by integrating it over ½0; t one has
ð1þ tÞ2EðtÞpEð0Þ þ
Z t
0
ð1þ sÞEðsÞ ds:
Thus the desired estimate follows from (2) of Lemma 2.7. &
Proof of Corollary 1.1. Indeed, set v ¼ ut: Then vACð½0;þNÞ;
H10 ðOÞÞ-C1ð½0;þNÞ; L2ðOÞÞ becomes the weak solution:
vttðt; xÞ  Dvðt; xÞ þ aðxÞvtðt; xÞ ¼ 0; ðt; xÞAð0;NÞ  O; ð2:15Þ
vð0; xÞ ¼ u1ðxÞ; vtð0; xÞ ¼ Du0ðxÞ  aðxÞu1ðxÞ; xAO; ð2:16Þ
vj@O ¼ 0; tAð0;NÞ: ð2:17Þ
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Because jjdð	ÞDu0jjoþN; we can have Lemmas 2.3–2.7 with u replaced by v to the
solution of (2.15)–(2.17). Thus, we obtain thatZ þN
0
ð1þ tÞEvðtÞ dtp1bG
v
kð0Þ þ
1
b
K4; ð2:18Þ
Z þN
0
ð1þ sÞjjvtðs; 	Þjj2 dsp2 1bG
v
kð0Þ þ
1
b
K4
 
; ð2:19Þ
where
GvkðtÞ ¼
Z
O
vtfx 	 rv dx þ aðvt; vÞ þ a
2
Z
O
aðxÞjvj2 dx þ kEvðtÞ
and
K4 ¼ 2e0Lb þ
að1þ C0Þ
b
þ k
b
 
Gvkð0Þ þ CI22 ;
with
I2 ¼ jju1jjH1 þ jjDu0  að	Þu1jj þ jjdð	ÞDu0jj;
EvðtÞ ¼ 12ðjjvtðt; 	Þjj2 þ jjrvðt; 	Þjj2Þ:
Further, by assumption jjdð	Þðu1 þ að	Þu0ÞjjoþN; applying Lemma 2.7 directly to
problem (1.1)–(1.3) we haveZ þN
0
ð1þ tÞjjutðt; 	Þjj2 dtp2
Z þN
0
ð1þ tÞEðtÞ dtp1
b
Gkð0Þ þ 1bK3: ð2:20Þ
Also, by repeating the argument given in derivative (2.6) we see
d
dt
GvkðtÞ þ bEvðtÞp0: ð2:21Þ
Then multiplying both sides of (2.21) by ð1þ tÞ2 and integrating it over ½0; t; from
Lemma 2.3 with u replaced by v; we ﬁnd that
b
Z t
0
ð1þ sÞ2EvðsÞ dspGvkð0Þ þ 2
Z t
0
ð1þ sÞGvkðsÞ ds
for large kb1: This holds for the weak solution v of (2.15).
On the other hand, we have
d
dt
fð1þ tÞ3EvðtÞgp3ð1þ tÞ2EvðtÞ;
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and hence
ð1þ tÞ3EvðtÞpEvð0Þ þ 3
Z t
0
ð1þ sÞ2EvðsÞ ds:
Thus, in order to derive the estimate
EvðtÞpCð1þ tÞ3 ð2:22Þ
with some constant C40; it sufﬁces to obtain
Z þN
0
ð1þ tÞGvkðtÞ dtoþN:
Indeed, because v ¼ ut (see also (2.13)) one hasZ þN
0
ð1þ tÞGvkðtÞ dtpC
Z þN
0
ð1þ tÞEvðtÞ dt þ a
Z þN
0
ð1þ tÞjjvðtÞjjjjvtðtÞjj dt
þ jjajjN
a
2
Z þN
0
ð1þ tÞ
Z
O
jvj2 dx dt þ k
Z þN
0
ð1þ tÞEvðtÞ dt
p ðC þ kÞ
Z þN
0
ð1þ tÞEvðtÞ dt
þ a
2
Z þN
0
ð1þ tÞjjutðtÞjj2 dt þ a
2
Z þN
0
ð1þ tÞjjvtðtÞjj2 dt
þ jjajjN
a
2
Z þN
0
ð1þ tÞjjutðtÞjj2 dt
with some constant C40: Thus, taking (2.18)–(2.20) into consideration we have the
desired estimate (2.22).
Finally, if N ¼ 2; 3; using the well-known Nirenberg inequality
jjujjNpC0ðjjDujj þ jjrujjÞN=4jjujj1ðN=4Þ; uAH2ðOÞ-H10 ðOÞ;
we have the desired LN-estimate. &
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